It has been suggested that radio telescopes may be sensitive to axion dark matter that resonantly converts to radio photons in the magnetospheres surrounding neutron stars (NSs). In this work, we closely examine this possibility by calculating the radiated power from and projected sensitivity to axion dark matter conversion in ensembles of NSs within astrophysical systems like galaxies and globular clusters. We use population synthesis and evolution models to describe the spatial distributions of NSs within these systems and the distributions of NS properties. Focusing on three specific targets for illustration, the Galactic Center of the Milky Way, the globular cluster M54 in the Sagittarius dwarf galaxy, and the Andromeda galaxy, we show that narrow-band radio observations with telescopes such as the Green Bank Telescope and the future Square Kilometer Array may be able to probe the quantum chromodynamics axion over roughly two orders of magnitude in mass, starting at a fraction of a µeV.
I. INTRODUCTION
It was recently shown that axion dark matter (DM) may be detectable through radio telescope observations of narrow lines from axion DM conversion to photons in neutron star (NS) magnetospheres [1] [2] [3] . The axion DM falls into the gravitational potential of the NS, where it is accelerated to semi-relativistic speeds. The axion-photon conversion takes place in the strong magnetic fields in the NS magnetosphere, though the conversion is stymied by the fact that the axion mass prevents efficient mixing with the massless photon. However, as was shown in [1] [2] [3] , the plasma in the magnetosphere gives the photon an effective mass, which increases with decreasing radius from the NS surface. There exists a radius, which we refer to as the conversion radius, where the axion mass equals the effective photon mass, and in the vicinity of this radius resonant conversion takes place between the axion DM and electromagnetic radiation.
In the present work, we explore the sensitivity to axion DM from radio observations of systems that contain large ensembles of NSs. For example, we examine observations towards the Galactic Center of the Milky Way, nearby dwarf galaxies and globular clusters, such as M54, and nearby galaxies such as M31. Calculating the predicted axion-induced radio flux in these systems requires combining spatial models for the distribution of NSs, models for the distribution of DM, and models for the distributions of NS properties. We address these models within this work, pointing out those with the largest quantifiable systematic uncertainties, and demonstrate that radio observations with current and near-term telescopes of the targets listed above have the potential to cover vast regions of so-far uncharted axion DM parameter space.
The possibility of detecting axion DM through radio observations of systems of NSs is important considering that the quantum chromodynamics (QCD) axion is one of the best-motivated DM candidates at present. The QCD axion was originally proposed as a new particle to solve the strong CP problem [4] [5] [6] [7] , though it was shortly thereafter realized that this particle could also naturally explain the observed DM of the Universe within a cosmological framework [8] [9] [10] . In addition to coupling to QCD, the axion a also couples to electromagnetism through the operator L = g aγγ aE · B, where E (B) is the electric (magnetic) field and g aγγ is the coupling constant. For the QCD axion, g aγγ = gα EM /(2πf a ), with α EM the fine-structure constant, f a the axion decay constant, and g a number order unity that depends on the UV completion of the model; for the DFSZ [11, 12] (KZVZ [13, 14] ) models, g ≈ 0.75 (-1.92 ). In the presence of a static, external magnetic field, this operator causes an initial axion field to rotate into an electromagnetic wave of the same frequency polarized along the direction of the magnetic field [15, 16] .
The axion decay constant, which normalizes the axion's coupling to QCD, also determines the QCD axion's mass: m a ≈ 1.3×10 −5 eV (10 12 GeV/f a ). Axion-photon conversion in NSs produces a narrow line at this frequency, which is in the radio band for f a ∼ 10
12 GeV [1] [2] [3] . However, in string compactifications it is common to find a plethora of light psuedo-scalars [17] called axionlike particles (ALPs), which may couple to QED but not to QCD. The ALP masses are thus not necessarily related to their electromagnetic couplings, unlike for the QCD axion. The primary goal of this work is to reach sensitivity to the QCD axion, though we will see that in the process large regions of ALP parameter space may also be covered.
To calculate the axion-induced signal from ensembles of NSs, we must use NS population and evolution models to predict the distributions of NSs and their properties in galaxies. We use population models such as [18, 19] , which have been tuned to observable pulsar data, to describe the distributions of initial NS magnetic field strengths and spin periods. We then evolve the NSs to the present day using spin-down and magnetic field decay models [18] [19] [20] [21] [22] [23] [24] , though there are uncertainties on these processes which we describe. To date we have detected more than 2000 rotationpowered pulsars, but this only makes up a very small fraction of the total NS population. The active isolated pulsars tend to be have an age τ < ∼ 100 Myr, whereas a large population of undetectable "dead" pulsars should be lying dormant, undetectable, with a small number of them recycled by accretion from a companion star, spun up and detectable as millisecond pulsars. The majority of NSs will not produce any pulsed emission in the radio band. This is because as the pulsar spins down, at some point it will not be able to sustain the voltage required for pair creation, which is believed to produce the required plasma for coherent radio emission. This happens around the so-called pulsar "death line" (see e.g. [25] , though also the recent [26] for a pulsar that appears beyond the death line).
Following previous works [1] [2] [3] , we model the magnetospheres of the active pulsars by the analytic model developed by Goldreich and Julian (GJ) [27] . However, both analytical models (e.g. [28] ) and numerical simulations (e.g. [29] ) have shown that without pair production, the magnetosphere of a NS falls back to a solution with finite extent, called the electrosphere solution, that differs qualitatively from the GJ model. Apart from a "torus" of plasma around the equator and a "dome" above each pole, the solution is very similar to a vacuum spinning dipole. For oblique rotators the spin-down rate is well described by the vacuum approximation, and for aligned rotators the system is stable and does not spin down anymore. A small amount of plasma can still leak from the tip of the equatorial torus due to the diochotron instability, which is the non-neutral plasma analog of the Kelvin-Helmholtz instability [30] . As this is a very robust configuration for the NS magnetosphere, we believe it well describes the fate of all pulsars after they cross the death line [31] . We use numerical simulations of the electrosphere solution to describe the magnetospheres of the dead NSs.
As we show, ensembles of active pulsars and dead NSs in systems like the center of the Milky Way produce narrow and bright radio lines in the presence of axion DM, which may be detected through dedicated observations with current and near-term telescopes, such as 100-m class telescopes like the Effelsberg telescope and the Green Bank Telescope (GBT) and radio interferometer arrays such as the Square Kilometer Array (SKA). This new indirect path to axion DM detection is complementary to traditional axion DM direct detection. For example, the Axion Dark Matter eXperiment (ADMX), which is a resonant cavity experiment, has already constrained a narrow region of axion DM parameter space with axion masses around 10 −6 eV, and ongoing as well as future runs of ADMX may be able to cover nearly a decade of possible axion masses, from ∼10 −6 eV to ∼10 −5 eV [32] [33] [34] . At higher frequencies, planned experiments such as HAYSTAC [35] [36] [37] and MADMAX [38] may extend the reach in axion mass to ∼10 −4 eV, while at lower masses experiments including ABRACADABRA [39] [40] [41] [42] , DMRadio [43, 44] , and CASPEr [45] may potentially reach all the way down to ∼10 −9 eV or below. The indirect radio searches proposed in this work may reach sensitivity to the QCD axion from masses in the range few × 10 −7 eV to few × 10 −5 eV, depending on the target, telescope, and systematics such as the DM density profiles and the distributions of NS properties.
An indirect detection discovery with a radio telescope at a specific frequency may be verified with one of the direct detection efforts described above, as for most of these experiments the most difficult aspect is scanning over all of the possible axion masses. Resonant cavity experiments such as ADMX, for example, must scan over ∼10 6 independent frequencies, by stopping and changing the resonant frequency of the cavity each time, to cover a decade of possible axion mass. If the frequency of the axion is known in advance, this would thus cut down the amount of time needed to verify the signal by a factor ∼10 6 compared to a blind axion search. Similarly, a laboratory axion signal would give a concrete prediction for the frequency that the radio lines discussed in this work should appear.
The remainder of this paper proceeds as follows. First, in Sec. II we review the calculation of the radiated power in the GJ model from axion-DM conversion to radio photons in the NS magnetosphere, and we use numerical simulations to discuss how the radiated power changes in the electrosphere model. In Sec. III we develop population models to describe the distributions of NS magnetic fields and spin periods. In Secs. IV, V, and VI we present models for the expected spatial distributions of NSs and DM in the Milky Way, the globular cluster M54, and M31, respectively. Then in Sec. VII we combine the formalisms developed to predict the sensitivity to axion DM from radio observations with current and future telescopes, such as GBT and SKA. We conclude in Sec. VIII.
II. AXION-PHOTON CONVERSION IN NEUTRON-STAR MAGNETOSHERES
In this section we discuss the axion-induced radio flux in the electrosphere model. First, we review the GJmodel calculation from [1] . Then, we generalize that framework to apply to arbitrary plasma distributions, and we use these results to numerically calculate the radio flux in the electrosphere model that applies to inactive, "dead" NSs.
A. Resonant conversion in the Golreich-Julian model
Axion DM of mass m a and axion-photon coupling g aγγ may convert to radio photons as the DM falls into the potential well of the NS. Following [1] , the radiated power per solid angle for resonant conversion in the GJ model is given by
where the conversion radius r c (Ω) and the magnetic field B(Ω) depend on the angular coordinates Ω. We will discuss the calculation of the conversion radius within the GJ model shortly. Above, ρ ∞ is the ambient DM density, not accounting for gravitational focusing from the NS itself, and v 0 is a parameter specifying the velocity dispersion of the DM distribution, which will be defined more precisely later. The NS is assumed to have a mass M NS ≈ 1 M and a radius r 0 ≈ 10 km.
For an aligned NS, where the magnetic dipole axis is aligned with the rotation axis,
where θ is the polar angle from the rotation and magnetic axis, and B 0 is the magnetic field at the poles. We focus on the aligned NS throughout this section for simplicity. Note that B(θ) is the magnetic field at the NS surface; since the field is a dipole configuration, the magnetic field is assumed to fall of with radius like B(r) ∼ B(r 0 )(r 0 /r) 3 . In this case, no physical quantities depend on the azimuthal angle φ by symmetry.
In the GJ model, the plasma charge density is given by
where Ω is the angular velocity vector for the NS and B is the magnetic field vector. This implies that when Ω · B < 0, the plasma is negatively charged, while when the product is positive the plasma is positively charged. In the GJ model, the plasma is completely charge separated, so that the number density of electrons (ions) in the negatively (positively) charged regions is given by −n c (n c ).
If the NS is inactive, then there are no positrons and the plasma simply consists of charge-separated electrons and ions. The difference between the electron and ion dominated regions is important because the plasma frequency is given by ω pl ≈ 4παn e /m c , where m c is the mass of the charge carrier. The conversion radius is solved for by setting m a = ω pl , which implies that the conversion radius r p c in the ion-dominated regions is smaller by a factor ∼(m e /m p ) 1/3 ≈ 0.08 compared to the conversion
in the electron-dominated regions, where m e (m p ) is the electron (proton) mass.
To solve for the conversion radius, first note that combining (3) with the definition of the plasma frequency and the dipole assumption for the magnetic field yields a plasma-density profile that scales with radius like ω pl ∝ r −3/2 . As expected, the plasma frequency increases monotonically towards the NS surface. In the electron-dominated region, the conversion radius is given by [1] r e − c (θ) = 224 km × 3 cos
where P = 2π/Ω is the rotation period of the NS. Note that resonant conversion only takes place if r c > r 0 . When the resonant conversion criterion is satisfied, then the conversion takes place over a length L GJ = 2πr c v c /(3m a ), where v c is the DM velocity at the conversion radius. The radiated power in (1) may be understood from the fact that the axion-photon conversion probability scales like p
c /v 0 (see [1] for details). The velocity v c is well approximated by 2GM NS /r c , since the DM is assumed to start off non-relativistic far away from the NS. Note that when the resonant conversion criterion is not satisfied, radiated flux may still originate from non-resonant conversion, though we have checked explicitly that this is not important in practice for the systems we consider.
B. Resonant conversion in the electrosphere model
In this subsection we numerically calculate the radiated power in the electrosphere model for the NS magnetosphere. We simulate the electrosphere using the Particle-in-Cell code Aperture first described in [46] . We solve the time-dependent plasma dynamics with Maxwell equations on a spherical grid with logarithmic spacing in r. We assume axisymmetry, and the magnetic axis of the star is taken to be aligned with the rotation axis. Although we have a 2D grid, all 3 components of E and B fields are evolved, and particle motion is integrated in full 3D. A schematic diagram of the charge distribution is given in Fig. 1 . The figure shows the tracked particles from one of our runs, clearly demonstrating that the magnetosphere settles down to a "dome-and-torus" structure. This is qualitatively very similar to the result obtained in [29] . We take the electron and ion density profiles from the simulation for our subsequent analysis.
In the electrosphere model, the magnetic field is still distributed like a dipole, but the plasma no longer follows the relation in (3). However, given the numerical Figure 1 . An illustration of the electrosphere from our simulations. The blue particles are electrons and red are ions. Electrons concentrate around the two poles to form two "domes" while the ions stay around the equator to form a "torus." In this example, the magnetic axis is parallel to the rotation axis; if the two are anti-parallel, then the electrons and ions are swapped.
plasma density profile, we may, for each θ, solve for the conversion radius r c . Around this conversion radius, the plasma will take a profile
for some index n, which equals 3/2 in the GJ model. We fit the numerical plasma profile to the functional form above in the vicinity of r c to find the best-fit n. Note that this is only an approximation, since the plasma does not have a simple power-law form in general, but we have verified explicitly through numerical simulations along the lines of those in [1] that this approximation works well for the electrosphere for the purpose of calculating the radiated power. For a plasma with a radial dependence as in (5), the axion-photon conversion probability still scales like p
n /v c , for some length L n , but that length now differs from the GJ value. In particular, it is straightforward to generalize the formalism described in [1] to account for a general index n, and this leads to the result L n = L GJ 1.5/n, where L GJ is the GJ conversion length. This, in turn, implies that
where dP GJ /dΩ is given in (1) . In the electrosphere model we find n ∼ 3/2 at small r, though n increases quickly at large r since the electrosphere model has a smaller spatial extent than the GJ model.
In the left panel of Fig. 2 we plot the plasma frequency in the magnetosphere in the electrosphere model as a function of radius r for three different angles (θ = 5
• , 45
• , 85
• ), and we compare these profiles to those in the GJ model. For this example, we have taken the NS to have the parameters of the isolated NS J0806.4-4123; namely, we took P ≈ 11 s, B ≈ 2.5 × 10 13 G, M NS ≈ 1M , and r 0 ≈ 10 km [47] . Changing between different NS models simply rescales the y-axis. While the GJ model and electrosphere plasma frequency profiles are similar for r ∼ r 0 , it is important to note that at larger r, the electrosphere plasma profile falls faster than the GJ model. This results in an increased flux at low masses, for some angles θ, in the electrosphere model, as compared to the GJ model. This is illustrated in the right panel of Fig. 2 , which shows the power dP/dΩ as a function of mass for this NS and for the different angles θ illustrated in the left panel. Note that we assume g aγγ = 10
−12 GeV −1 for illustration. The sharp cutoffs at large m a in these curves comes from the transition where the conversion radius fall below r 0 and resonant conversion no longer takes place. At higher frequencies, non-resonant conversion still takes place, and an estimate for the non-resonant power is included in the figures. However, the non-resonant-induced power is orders of magnitude below the resonant power, making the resonant power the most important contribution across the relevant frequency range.
On a final note, the discussions and illustrations above have assumed that the NS rotation axis is parallel to the magnetization axis. If there is an offset between these two, the flux as observed on Earth can acquire periodic time dependence [1] . We will not consider this possibility in this work, since we are mostly interested in the ensemble of signals over populations of NSs, for which the time dependence is washed out. Moreover, older NSs will have less time dependence, as their alignment angles decay over time. However, another possibility that needs to be considered is that the rotation axis is antialigned with the magnetization axis, as this should happen roughly half of the time. In this case, the physics is exactly as discussed above, except that the positively and negatively charged regions are swapped according to e.g. (3). When constructing NS population models, as discussed below, we assign each NS a 50% chance of having its magnetic field aligned parallel or anti-parallel to the rotation axis.
III. NEUTRON STAR POPULATION MODEL
In this section we construct a population model for NSs. We build upon the significant effort that has gone into constructing population models for active pulsars (see, e.g., [18, 19] ), tuned to the available radio and Xray datasets that probe these populations. However, little attention has been paid to the properties of the dead NSs, which have crossed below the pulsar death line and are no longer easily detectable by radio or even X-ray emission. These dead NSs, though, greatly outnumber the pulsar population. As we will show, depending on how their magnetic fields evolve over time, the dead NSs may be the dominant contributors to the axion-induced radio signal. We construct two different models for the NS populations, which we label as model 1 and model 2, in order to begin to address the level of systematic uncertainty mismodeling the NS population has on the axion-induced radio flux. The first model does not incorporate magnetic field decay while the second does.
The initial conditions for our NS models follow closely Refs. [18] and [19] . Our NS model 1 uses the results of [18] , while our NS model 2 uses [19] . The key difference between these two models is that model 2 allows the NS magnetic fields to decay over time. Both analyses yield similar populations of active pulsars, as we will show, but there are important differences in the populations of dead NSs. Both models, however, share a similar framework. A population of NSs is produced with an initial distribution of magnetic fields, spin periods, alignment angles, and ages. The NSs are evolved until the present day. Following Refs. [18, 19] , we then distribute the NSs within the Galactic disk and perform simulated radio observations consistent with the main surveys that make up the ATNF pulsar catalog [48] , and we confirm that the properties of the simulated pulsar catalogs match those of the real ATNF catalog. Below, we summarize the key features of these models, show they there are able to reproduce the observed properties of pulsars in the ATNF pulsar catalog, and discuss how the properties of the dead NSs differ between the models.
A. Neutron star birth properties
In this subsection, we summarize the distributions of NS initial conditions taken in models 1 and 2. Since pulsar lifetimes tend to be much less than the age of a galaxy like the Milky Way, the precise form of the NS birth rate is important for properly calculating the ratio of active to dead NSs. However, for definiteness we assume that the NS birth rate has been constant over the age of the galaxy, which is ∼13 × 10 9 yrs for the Milky Way. All NS masses and radii are fixed to M NS = 1M and r 0 = 10 km, respectively, as small deviations from these values do not significantly affect the axion-induced radio flux. The initial magnetic field distribution of the NSs is taken to follow a log-normal distribution with central value log B 0 and standard deviation σ log B0 , so that
represents the probability to find initial field value B 0 at the magnetic pole. 1 The best-fit values for B 0 and σ log B0 as found in Refs. [18] and [19] for models 1 and 2, respectively, are given in Tab. I. Note that [18] quotes magnetic fields in terms of those at the midplane, which are half as large as the fields at the poles. In Tab. I, all field values have been converted to those at the poles. Also note that the central field value B 0 is larger for model 2 than model 1 because model 2 includes field decay.
While Ref. [19] included magnetic field decay in their analysis, it is important to note that the form of their field decay differs from the form we consider in this work. This is because [19] concentrated on time scales much shorter than those considered in this work and thus did not consider possible late-time effects that could cause NS magnetic fields to decay on time scale ∼10 10 years. Still, we find that on the 1-100 Myr timescale, our decay model is a reasonable match to that taken in [19] , which justifies our use of their initial conditions.
The distribution of initial spin periods P 0 is taken to follow a normal distribution with central value P 0 and standard deviation parameter σ P0 . Note that only positive values of P 0 are considered. The best-fit values for P 0 and σ P0 for models 1 and 2 are given in Tab. I.
The initial misalignment angle α 0 between the NS rotation and magnetic axis is taken to be randomly distributed, following the simple geometric distribution p(α 0 ) = sin(α 0 ). This initial alignment angle distribution, however, will turn out to play only a minor role in determining the properties of the final NS population, as we will discuss.
B. Neutron star evolution
The NS spindown for active pulsars is a complicated dynamical question that involves a careful consideration of both the dipole radiation and the plasma effects (see, e.g., [18, 20, 23, 24] ). If the pulsar is inactive, then it is assumed to spin down through dipole radiation alone. In this case, the period and alignment angle evolve through the differential equations [23, 49] P (t)P (t) = 2 3 
while the pulsar period evolves according to
Note, however, that since the period evolution stops as α(t) → 0, as may be seen in (14), it is difficult in this case for the final pulsar period to be significantly larger than the initial period P 0 . It is thought that active pulsars lose energy not only by dipole radiation but also by plasma effects, which cause the spin-down luminosity to remain non-zero as α(t) → 0, yielding significantly longer final pulsar periods. For example, [20] found that in numerical simulations of the pulsar magnetosphere in the "force-free" limit, the spindown luminosity may be described by
which differs qualitatively from the vacuum formula
used to derive (11), in the limit α → 0. In particular, the plasma-filled pulsar continues to spin down even when α → 0, while this is not the case for the NS in vacuum that spins down only from dipole radiation. This is important because if the NS continues to spin down even as α → 0, then much longer periods are obtainable. We model this effect following [18] by modifying the period spin-down equation for active pulsars from (14) to
which, assuming a constant magnetic field, yields the solution
For our NS model 1, we model the period evolution using (15) until the pulsars reach the death line and become inactive. For the pulsar death line, we use the approximation that active pulsars have B/P 2 greater than [50]
where again we emphasize that B refers to the magnetic field at the pole. While the pulsars are active, the alignment angles should also evolve according to (10) . The result is that by the time the pulsars reach the death line, most of the alignment angles are close to aligned. After the pulsars reach the death line, we continue to evolve them until today using the pure dipole spin-down equations. However, we find that this post-death evolution makes little difference, given (11) and that tan 2 α 0 after the death line is close to zero for most NSs.
Model 2 proceeds in an analogous manner, except now the magnetic field evolves over time. In general, magnetic fields in NSs decay over time through one of three main channels: Ohmic dissipation, ambipolar diffusion, and Hall drift [51] . Ohmic dissipation is simply the effect of small but finite conductivity inside the NS, which slowly dissipates magnetic field through Ohmic heating whenever there is nonzero current. Ambipolar diffusion is the net drift motion of electrons and protons with respect to the neutron fluid. The motion is driven by magnetic stress and creates local drag between the charged particle species and the neutrons, as well as breaking chemical equilibrium between the species and driving weak interactions, dissipating magnetic energy. Hall drift does not dissipate energy directly, but it can tangle the magnetic field and enhance Ohmic dissipation especially in the NS crust.
The question of how the magnetic fields in NSs evolve is far from settled, and answering this question involves performing detailed simulations (see, e.g., [52] [53] [54] [55] [56] ). In this work, we take as a starting point a simple parametric model to roughly capture the physics of magnetic field decay described above, combining some recent theory as well as simulation results.
If a NS is born with a high magnetic field (B > ∼ 10 16 G) and high temperature (T core > ∼ 10 9 K), the dominant process to dissipate magnetic energy in its core is ambipolar diffusion, as the rate of this process scales as B 2 [51] :
where
5 cm with L the thickness of the crust, and B 12 = B/10 12 G with B the magnetic field at the pole. According to [55] , the temperature of the NS core rapidly cools to T core ∼ 10 9 K in ∼ 1 yr even if it is born with a much higher temperature. Furthermore, the decay of the magnetic field through ambipolar diffusion in the core will heat the star, bringing the temperature to a plateau for ∼ 1 kyr. Therefore we assume that all NSs that are born with high magnetic fields evolve according to t ambip , until the timescale becomes comparable to the dissipation timescale of the field in the NS crust. We take T core ≈ 10 8 (10 6 yr/t)
K, where t is time since the NS birth [57] . This cooling law arises from assuming that the NS cools according to Urca neutrino emission [57] . When ambipolar diffusion is no longer efficient, the evolution of the NS magnetic field is dominated by the drift of magnetic flux tubes from the core to the crust, which are then dissipated in the crust through a combination of Hall drift and Ohmic heating [58] . Detailed numerical simulations of this process were carried out recently by [56] , which found that the time scale for this process ist ohm ∼ 150 Myr for young NSs with higher crust temperatures, and can be as large as ∼1.8 Gyr when the crust has cooled down to T crust ∼ 10 6 K. The actual decay timescale at low temperatures depends on the level of impurities in the crust Q imp :
Note that NSs with Q imp < ∼ 0.13 will decay on the Hubble timescale, which means their magnetic field will be frozen out for the purpose of our work. Estimates for Q imp in the literature span the range from 10 −3 [59] to 10 [60] . In our simplified model, we simply take the low-temperature impurity-dominated timescale in (18) and consider a logflat distribution for Q imp over the range [10 −3 , 10] . That is, for each NS in our simulation, we randomly assign a value Q imp from this distribution.
Explicitly, we solve for the B-field evolution using the equation
where τ ambip is the decay rate for ambipolar diffusion (17), evaluated with B = B 0 , and τ ohm is the timescale for Hall drift and Ohmic heating with impurities (18) . We fix the crust thickness at L = 10 5 cm. In Fig. 3 , we show examples of the B-field evolution in our decay model, for a range of initial magnetic field values. Note that in constructing these curves we have averaged of a population of NSs with randomly assigned impurities as discusses above.
C. Population simulations and comparison to ATNF pulsars
Following the procedure above, we generate a large ensemble of NSs for both models 1 and 2, keeping track of the active pulsars and the dead NSs. For the active pulsars, it is useful to cross-check the simulations by comparing them to the measured properties in the ATNF catalog. Of course, since the works [18, 19] tuned their models to the measured pulsar properties in the P -Ṗ plane, it is unsurprising that we find good agreement between the simulated pulsar measurements and the observed pulsar properties. Still, this is a useful check to both validate the models and also understand how the measured pulsar properties differ from those of the pulsar population as a whole and from the populations of dead NSs.
We simulate ATNF pulsar catalogs from the simulated NS populations following a simplified version of the procedure outlined in [18] . First, we distribute the simulated pulsars across the Galactic disk using the spatial distribution described in Sec. IV. Note that, for simplicity, we Figure 3 . Magnetic field evolution in NS model 2, averaged over a population of NSs with randomly assigned impurities from a log-flat distribution over [10 −3 , 10] . Larger initial magnetic fields cause the magnetic field to decay sooner as a result of ambipolar diffusion. At late times, almost all magnetic fields are at ∼10
11 G or below in this model, which will lead to the result that active pulsars typically dominant the axioninduced radio flux in NS model 2.
do not account for the spiral arms structure. For each NS, we model the intrinsic radio luminosity L at 1.4 GHz using the best-fit empirical model from [18] , for which
Here, L corr is randomly drawn for each NS from a Gaussian distribution with standard deviation σ Lcorr . Ref. [18] found best-fit parameters L 0 = 0.18 mJy kpc 2 , p = −1.5, Ṗ = 0.5, and σ Lcorr = 0.8, and we use these parameters in our simulations. We note that the period derivativeṖ may be inferred using (14) , which implies that
After simulating the luminosity of each pulsar, we may calculate the flux observed at Earth. We then simulate observations with the Parkes [61] and Swinburne [62] Multibeam surveys at 1.4 GHz, which make up most of the ATNF catalog. The observational parameters for these surveys, such as latitude and longitude ranges, integration times, sampling intervals, bandwidths, and signal-to-noise thresholds, are summarized in [18] . We also follow [18] in accounting for the fraction of pulsars that are beamed towards Earth and in accounting for the degradation to the minimum detectable spectral flux density by the dispersion measure. To calculate the dispersion measure, we use the free electron parameterization with position along the Galactic disk presented in [63] .
There are ∼1941 pulsars in the ATNF pulsar catalog that are not identified as belonging to binary systems and which are reported with positive periods. In Fig. 4 we histogram their observed periods and magnetic field values, where we note that the magnetic field values at the poles are inferred using (21) . Note that we also display Poisson 1σ error bars on the histogram values to account for the finite statistics in inferring the true underlying distribution of observed pulsars. In those figures, we also show example simulated pulsar catalogs for models 1 and 2. In performing those simulations, we did not attempt to reproduce the number of pulsars observed in the ATNF catalog. Rather, we sequentially simulated NSs and their observations one at a time until the number of observed pulsars in our simulated catalogs matched the number in the ATNF catalog.
In Fig. 4 we compare the real ATNF catalog to example simulated ATNF catalogs, the samples of all active pulsars, and the sample of all dead NSs, for both models 1 and 2. The distributions of observed periods and magnetic fields are seen to be a reasonably good match to the simulated ATNF catalog for both models. In both models, the simulated observed pulsar periods are systematically lower than the periods for the simulated pulsar populations as a whole. This is likely due to the fact that lower pulsar periods have a higher luminosity within these models and are thus more likely to be detected. On the other hand, the observed pulsar magnetic fields appears to be a relatively unbiased tracer for the population of active pulsars as a whole, within these models. With that said, both models underpredict the number of low and high-field pulsars. The high-field tail in particular, which is observed in the data but not in our simulations, could be important, because these pulsars are the most efficient at axion-photon conversion. It is unclear, however, whether the lack of observed magnetars predicted in our simulations arises from un-modeled detector bias, for example in the luminosity of such objects, or in the intrinsic distribution of magnetic fields.
While the properties of the active pulsars are relatively similar between the two models, the properties of the dead NSs differ substantially between the two models and relative to the active pulsars. The dead NSs tend to have higher spin periods than the active pulsars in both models. This is likely a results of the fact that the dead NSs have had more time to evolve to higher spin periods. In model 1, the dead NSs typically have larger magnetic fields than the active pulsars. This is because higher initial magnetic fields cause the NSs to die sooner. On the other hand, in model 2 the dead NSs have low field values because after the NSs die, their fields continue to decay within this model. Since we assume a constant birthrate within these models over ∼13 × 10 9 years, almost all of the dead NSs have fields < ∼ 10 11 G, except for those which happen to be relatively young.
The differences between the dead NS populations for models 1 and 2 have signifiant implications for radio searches for axions. We illustrate this point by calculat- We compare the data to simulated ATNF catalogs, for both NS models. The simulated catalogs are a good match to the observed pulsar periods. On the other hand, we also show the period distributions for the whole populations for active pulsars and dead NSs. These distributions are centered at much higher periods than those for the observed pulsars. (Right) As in the left panel, but for the magnetic fields at the poles. The simulated catalogs are a reasonable match to the ATNF catalog, except that both models underpredict the number of high-field magnetars. The biggest difference between NS models 1 and 2 is seen in the magnetic field distributions of the dead NSs; the distribution for model 1 extends to high field values, while that of model 2 is shifted to lower values as the result of field decay.
ing, for each NS, the maximum mass attainable through resonant conversion within the GJ model. That is, taking θ = 0 • in (4), we solve for the m a such that r c = r 0 , with B 0 and P fixed to the parameters for the NS under consideration. Explicitly, the maximum mass detectable through resonant conversion within the GJ model is
In Fig. 5 , we illustrate example distributions of m max. a over the dead NS and active pulsar populations found in realizations of models 1 and 2. The normalization of the distributions is such that the integrated distribution of active pulsars and dead NSs adds to unity, but the relative difference in normalizations between the active and dead NS populations reflects the fraction of NSs that are active versus dead. In particular, for both models we find that ∼0.4% of the NSs are active pulsars, though we emphasize that this fraction depends sensitively on our assumption that the NS-formation rate has been constant over the past ∼13 × 10 9 years. The distributions of m max. a agree well across the entire mass range for the active pulsars between models 1 and 2. This is perhaps not surprising, since the NS models were tuned to match the properties of the active pulsars. However, the distributions of m not only allow for higher-mass axion models to be tested, but also these NSs tend to dominate the sensitivity at lower masses, due to the increased magnetic fields.
D. Impact of NS models on axion dark matter sensitivity
In this subsection, we quantify how the different NS models affect the sensitivity to axion DM. To estimate the sensitivity of a radio telescope to a potential axion signal, it is not sufficient to only know the flux but also we need to know the width of the signal in frequency space. This question will be addressed in more detail later in this work, but for now we follow [1] and assume that the width of the signal from an individual NS is δf /f ∼ (v 0 /c) 2 , where v 0 is of order the local virial velocity. Given the bandwidth δf , we may calculate the flux density S ≡ F/δf , where F = dP/dΩ/d 2 is the flux and d is the distance between the NS and Earth.
To illustrate the difference between the NS models, we take a reference NS located at d = 250 pc from Earth and assume g aγγ = 10
−12 GeV −1 , along with δf /f ≈ (200 km/s/c) 2 ≈ 5 × 10 −7 . Note that the central frequency of the signal is given by f = m a /(2π). We take our reference NS to have the average properties of the NS population. That is, we generate a large number of NSs and calculate the average flux density over the through resonant conversion within the GJ model for NS models 1 and 2. We show both the active and dead NS populations, and unlike in Fig. 4 , here we normalize the combination of both populations, with the relative normalization taken to be ∼0.4%, which is the fraction of NSs expected to be active pulsars in these models with a constant birthrate over the age of the galaxy. While the active pulsar properties are similar between the models, the dead NS population in model 2 only probes low-mass axions.
population. Of course this is not physical for a single NS located 250 pc away from Earth, but having the flux density for such a reference NS allows us to easily rescale the flux density to NS populations located, for example, at the Galactic Center or in other galaxies.
The results for the flux density as computed in NS models 1 and 2 are shown in Fig. 6 . Note that we show the flux density for both the dead NS population and the pulsar population, with the relative normalization between the two fixed at the predicted ∼0.4%. That is, in averaging over the NS properties, we have assumed that the dead NSs and active pulsars are created in the predicted relative ratios assuming a constant birthrate over ∼13 × 10 9 years. The two different NS models yield similar results for the active NS population. On the other hand, the two different NS models yield qualitatively different results for the dead NS population. In NS model 1, the dead NSs dominate the flux across almost all masses, while in NS model 2 it is instead the active pulsars that dominate the flux.
In the left panel of Fig. 6 we have modeled the dead NSs by the numerical electrosphere solution and the active pulsars by the analytic GJ model. In the right panel, we explore how sensitive the results are to this choice. In particular, we compare how the dead NS flux-density curves change between the electrosphere and GJ models. The two solutions are seen to give remarkably similar flux densities, when averaged over the NS populations, suggesting that the plasma-density profile is a sub-dominant source of uncertainty compared to, for example, the properties of the NS population model. One noticeable difference between the two models is that the GJ model extends to higher frequencies than the electrosphere solution. We caution that this may be a numerical artifact. Due to numerical error, we are not able to extend the electrosphere all the way to the NS surface. Thus, it is possible that the electrosphere plasma density continues to rise all the way to the NS surface, allowing for resonant conversion at the higher masses accessible by the GJ model. Higher-resolution simulations would be needed to address this possibility.
IV. NEUTRON STARS AND DARK MATTER IN THE MILKY WAY
In this section we discuss the distribution of NSs and DM in the Milky Way for the purpose of computing the integrated signal from axion-photon conversion over the ensemble of NSs. We then calculate the expected flux distribution within the inner Galaxy and the frequency spectrum of the putative signal.
A. The Neutron Star Distribution
We model three components of the NS distribution within the Milky Way: (i) the disk component, (ii) the bulge component, and (iii) the nuclear star cluster (NSC) component. Of these contributions, we will see that the bulge component is the most important, unless there is a central DM spike, in which case the NSC can also play an important role.
Most of the NSs in the Galaxy are in the disk and bulge. We assume that ∼10
9 NSs have been created in the Milky Way over its lifetime, with ∼60% created in the bulge and ∼40% in the disk [64, 65] . The fact that the bulge contains less stellar mass than the disk but produced more NSs can be understood from the observation that the bulge stellar mass function is skewed towards heavier stars than the disk's mass function, and heavier stars more readily form NSs [64] .
The Galactic disk
We model the number density of NSs in the disk n disk by a double exponential profile:
where r is the cylindrical radius, z is the height above the disk, and N disk ≈ 4 × 10 8 is the total number of NSs in the disk. Following [66] , which studied the distribution of millisecond pulsars in the disk, we take σ r = 5 kpc Model Figure 6 . (Left) The flux density from a reference NS, with properties indicated, as a function of the putative axion mass ma in both NS models 1 and 2. Note that this flux density is for a reference NS with properties given by averaging over the entire NS population; we show the contributions from the active pulsars and dead NSs separately. In NS model 1, the dead NSs dominate the flux, while in model 2 the active and dead NSs produce similar flux levels at lower masses, with the active NSs dominating at higher masses. (Right) As in the left panel, but here we only show the dead NS populations, and we compare the fluxes predicted within the GJ and electrosphere models for the magnetospheres. The differences between the flux densities is minimal compared to the uncertainty between e.g. NS models 1 and 2 themselves.
and |z| = 1 kpc. Since millisecond pulsars are the oldest known pulsar population, their spatial distribution is likely a good proxy for the inactive and old NS populations. It is possible that many of the isolated NSs born in the disk subsequently ended up in the stellar halo [65] due to natal velocity kicks during the supernova process, but we do not consider this possibility in detail because, as will be illustrated below, the disk contribution to the radio signal is subdominant compared to that from the bulge and the NSC.
The Galactic bulge
Given the lack of pulsars observed in the inner regions of the Milky Way, there is no direct measure of the distribution of isolated NSs in the bulge. We thus simply assume that the isolated NS density distribution follows the distribution of matter in the bulge, though this need not be the case given the NS natal velocity kicks. The bulge potential is assumed to take the simple, sphericallysymmetric form [67] 
where M bulge is the bulge mass, a ≈ 0.6 kpc is the bulge scale radius [65, 67] , and R is the distance from the Galactic Center. The potential (24) is generated from a spherical density profile ρ(R) ∝ R −1 (R + a) −3 , and so we assume that the NS density profile follows this same form:
with N bulge ≈ 6 × 10 8 the total number of NSs in the bulge.
The nuclear star cluster
We model the Milky Way NSC using the results of the simulation in [68] . The dynamics of stellar objects within the inner few pc of the Galactic Center are strongly influenced by the presence of the massive black hole Sgr A* at the center of the Galaxy, with a mass M • ∼ 3−4×10 6 M . Bahcall and Wolf showed that within the sphere of influence of a central black hole, the stars in a NSC would approach the universal density profile n(r) ∼ r −7/4 if all of the stars have the same mass [69] . Two-body dissipation between stars is the driving mechanism in this case that allows the stars to fall towards the center of the Galaxy. The formation of the central Bahcall-Wolf cusp then takes place over the relaxation time, which is the time-scale for two-body interactions to take place and which can be significantly shorter than the age of the Galaxy. However, real astrophysical systems are more complicated because the NSCs consist of multiple populations with different masses. Ref. [70] solved the coupled Boltzmann system for stellar populations of different masses orbiting central massive black holes and showed that each population follows a cusped distribution n(r) ∼ r −γ , where the index γ depends on the mass of the population. The heavier populations lose energy to the lighter ones through two-body interactions and tend to form steeper profiles, with γ ∼ 1.85. The lighter populations, on the other hand, follow less-steep profiles with γ ∼ 1.5.
Ref. [68] performed numerical simulations of the evolution of the Milky Way NSC in the presence of the central black hole to quantify the properties of the inner stellar cusps for the different mass species. They included main-sequence stars that were able to turn into compact remnants, including white dwarfs, NSs, and black holes, at the end of their lifetimes. The white dwarfs were taken to have mass 0.6M , while the NSs and black holes had masses 1.4M and 10M , respectively. The NSs and black holes were given natal velocity kicks, as expected from the supernova process. In that
4 NSs within 1 pc of the Galactic Center. We expand the NS number density profile to arbitrary distances R from the Galactic Center using the "eta-models" for systems with a central object [71, 72] :
where η = 3 − γ. The radius of gravitational influence of the central black hole, defined as the radius where the velocity dispersion due to all enclosed matter is equal to twice the velocity dispersion due to the central black hole alone, is around 3 pc. The break radius R b is simply related the radius of influence, and for the fiducial model in [68] it is given by R b ≈ 28 pc (2η − 1) −1 . For our fiducial NS model, we take γ = 1.3, so that η = 1.7, R b ≈ 12 pc, and N tot = 7 × 10 5 , implying that there are ∼10 4 NSs within a pc (and ∼220 NSs within 0.1 pc). It is also useful to model the velocity dispersion of the NS population as a function of radius from the Galactic Center. We assume the velocity distribution is isotropic and takes the form
where the 3-d velocity dispersion is given by σ 2 v = 3v 2 NS,0 /2. The subscript NS is used to differentiate the velocity dispersion of the NSs from that of the DM. We define the circular velocity V 2 c (R) = GM tot (R)/R, where M tot (R) is the mass enclosed within the radius R. Moreover, we assume that both the density of the NSs and the circular velocity follow power-laws, with n(R) ∼ R −γ and V c ∼ R α . Then, we may solve the Jeans equation to find [73] 
Within the sphere of influence of the central black hole α ≈ −1/2; taking γ = −1.3 and M • = 3.5 × 10 6 M , this gives
B. The Dark matter Distribution
The DM density profile in the central regions of the Milky Way is highly uncertain. We consider a variety of models for the DM profile to encompass the range of possibilities and understand how the DM profile uncertainty affects the radio signal. Our fiducial model is the Navarro-Frenk-White (NFW) [74, 75] profile:
where R s is the scale radius, which we take to be 20 kpc. Our secondary model is the cored Burkert profile [76] ρ Burk (R) = ρ 0
where R c is the core radius. The smaller the core radius, the larger the DM density near the Galactic Center. To quantify the full uncertainty that could arise from a large DM core, we take a large core radius R c = 9 kpc [77] . In both cases, we normalize the profile be requiring the local DM density to be 0.3 GeV/cm 3 . Regardless of the DM distribution at large R, within the sphere of influence of Sgr A*, it is possible for the DM to develop a kinematic cusp with ρ(R) ∼ R −γ and γ ≈ 1.5 for the same reasons that the stellar populations may develop a density cusp. Following [78] , we consider the possibility that within the radius of influence (3 pc), the DM density profile smoothly transitions to the power-law ρ(R) ∼ R −1.5 . Within 3 pc of the Galactic Center, the DM velocity dispersion may also be calculated from (28) . We refer to the possible DM kinematic cusp as the "DM spike."
C. Radio flux from axion-photon conversion
In this subsection, we create a simulated population of NSs following the spatial distributions described above in order to describe the spatial morphology of the radio signal. It is useful to factorize the flux dependence from the NS's position from the flux dependence from the NS's internal properties. Thus, in this subsection we only consider the dependence of the flux on factors arising from the spatial distributions of NSs and DM.
We normalize the flux distribution relative to the flux from a NS d = 250 pc away from Earth in a DM background with density 0.3 GeV/cm 3 and velocity dispersion v 0 = 200 km/s. We take the reference NS to be at rest within the frame in which the DM velocity dispersion is isotropic. We will assume that all NSs are identical (or, more appropriately, that we average over a large population of NSs such that the variation of the ensembleaverage properties does not vary significantly across the sky). Then, the relative flux F rel from a NS at distance d in DM density ρ DM relative to our reference NS is given by
Above, it is important to differentiate the NS velocity dispersion parameter v NS,0 from the DM velocity dispersion parameter v 0 . The combination of the two appearing in (32) is the relevant factor to account for the change in DM density at the conversion radius from gravitational focusing [1] . Note, however, that for the disk stars, we simply use the circular velocity instead of v NS,0 , since the disk stars are to a good approximation following circular trajectories. In addition to the relative fluxes across the sky, it is also important to understand how the frequency spectrum of the signal changes with sky location. We will return to this question in the following subsection. . The relative flux F rel contained within an angle θinc. of the Galactic Center for different DM models. We consider NFW and Burkert DM profiles, and in each case we consider the possibility of a kinematic DM spike with γ = 1.5.
In Fig. 7 we show the enclosed relative flux F rel (θ < θ inc. ) when observing at the Galactic Center out to a radius θ inc. , as a function of θ inc. . We illustrate the inclosed flux for both NFW and Burkert DM models, and we also show the variations to both scenarios in the case of a central DM spike. Note that, roughly, we can consider the NSC to be the dominant source of NSs out to distances ∼1 pc away from the GC, corresponding to θ inc. ≈ 10 −2 degrees. The bulge extends out to ∼1 kpc and thus dominates the flux out to θ inc. ≈ 5
• . At larger angles from the GC, the disk is most important.
D. Frequency Spectrum of Radio Emission
In this subsection we describe the expected spectral morphology of the signal. We begin by considering a single NS in its rest frame. We assume that the DM velocity distribution is Maxwell-Boltzmann distributed with a velocity as in (27) with dispersion parameter v 0 . We take the NS to be boosted with respect to the frame in which the DM velocity distribution is isotropic by speed v B . Recall that in the NS frame, we may relate the frequency of outgoing radio waves, asymptotically far from the gravitational potential of the NS, to the energy of the in-falling axions by ω = m a 1 + v 2 DM , where v DM is the speed of the in-falling DM asymptotically far from the NS. Thus, we may write down the following frequency distribution for the outgoing radiation in the NS frame, which we chose to do in terms of the quantityω = ω/m a [1] :
Importantly, in the NS frameω > 0. However, to calculate the frequency spectrum in the observer's frame we need to apply the appropriate relativistic doppler shift. For simplicity, let us assume that the observer's frame coincides with the frame in which the DM is isotropic, as if not this only induces a constant-frequency offset. Then, the frequencyω obs in the observer's frame is given
B
, where v
L.O.S. B
is the projection of the boost velocity along the line of sight, defined to be positive if the NS is moving away from the observer. The frequency dispersion in the radio signal from the individual NSs is of order v 2 0 , as may be seen in (33) , while the frequency dispersion between different NSs is order the NS velocity dispersion, v NS,0 , which determines the boosts v B . Thus, when averaging over an ensemble of NS targets, the dominant source of frequency dispersion comes from the velocity dispersion of the NSs and not the velocity dispersion of the DM. Typically, in natural units within a system such as the Milky Way we expect v 0 ∼ v NS,0 ∼ 10 −3 . This implies that the expected velocity dispersion over an ensemble of NSs is δω/ω ∼ 10 −3 , while that from an individual NS is δω/ω ∼ 10 −6 . Specifically, in the limit where the number of NSs is large so that the frequency distribution is continuous over scales δω/ω ∼ v NS,0 , we may describe the frequency distribution of the radio signal by
where σ Galactic Center NFW DM m a = 10 −5 eV g aγγ = 10
−12 GeV NS model 1 NS model 2 Figure 8 . The simulated frequency spectra from the axioninduced signal contribution only (that is, not including other backgrounds) from an axion with parameters indicated and with a field of view of radius 2.5 , which is appropriate for GBT at the relevant frequency f ≈ 2.4 GHz corresponding to the example mass shown. We display Monte Carlo realizations of the two NS models. Bright, individual NSs arise from fortuitous spatial locations and from the NS's internal properties, which are drawn from the appropriate distributions.
In Fig. 8 will illustrate simulated frequency spectra of an observation at the Galactic Center with an axion of mass m a = 10 −5 eV, corresponding to f ≈ 2.4 GHz, and g aγγ = 10
−12 GeV −1 . Specifically, we show the flux density at Earth, S, which is defined as dF/df . We illustrate both NS model 1 and model 2, with a field of view of radius 2.5 , which, as will be discussed later, is consistent with that expected for GBT at this frequency. To construct this simulation, we first distribute the NSs spatially and in velocity space. Then, we use the formalism described in Sec. III to attribute, randomly, intrinsic properties to each of the NSs. To calculate the flux density, we also need to know the alignment angle between us and the NSs, which we assign randomly as well.
We emphasize that the frequency spectra in Fig. 8 include the signal component only and not any backgrounds that may be present. The inclusion of backgrounds and estimates for the sensitivity of radio telescopes to such a signal will be discussed later in this work. Still, it is worth emphasizing that the unique frequency structure of the signal shown in Fig. 8 could be detected through different means. For example, one search strategy might be to average S over δf /f ∼ 10 −3 and look for the broad emission from all of the NSs. On the other hand, this strategy does not take advantage of the fact that the signal really consists of a forest of individual lines, many of which are much brighter than average due either to their fortuitous spatial location, intrinsic properties, or the alignment angle with respect to Earth. Thus, another simplified strategy would instead be to search for the brightest individual line with δf /f ∼ 10 −6 . Later, we will compute the sensitivity from each of these strategies. Of course, the optimal strategy, which we do not pursue here, would likely construct a joint likelihood over the search for each individual line. This is difficult, however, because we do not know a-priori where the lines are and which ones will be brightest.
V. THE AXION-INDUCED RADIO SIGNAL IN M54
The globular cluster M54 is unique in that it sits at the dynamical center of the nearby Sagittarius dwarf galaxy. M54 should host many NSs, making the globular cluster an excellent target for axion-DM radio searches, since the Sagittarius dwarf should host a large and cold DM halo. Below, we describe the models we use for the distribution of NSs and DM in Sagittarius, and then we calculate the projected radio flux from axion-DM conversion.
Neutron stars in M54
M54 has a total stellar mass of around ∼2 × 10 6 M and is at a distance d ≈ 25 kpc from Earth, at the heart of the Sagittarius dwarf galaxy [79] [80] [81] . Ref. [82] performed simulations of NS histories in globular clusters, for a variety of different metallicities, to address the question of how many NSs remain in the globular clusters, accounting for the natal velocity kicks that the NSs receive. M54 is an old and metal-poor globular cluster, with [Fe/H] ≈ −1.55 [83] . This corresponds most closely to the Z = 0.0005 metal-poor simulation in [82] , though we note that the differences between the Z = 0.0005 through z = 0.02 simulations are small for our purposes (∼20%) [82] . Core collapse supernovae only account for a small fractions of the retained NSs, due to the high velocity kicks that the resulting NSs receive; [82] (see also [84] ) found that most retained NSs arise from electron-capture supernovae processes, since these have smaller velocity kicks. The metal-poor simulations in [82] find that ∼114 NSs per 2 × 10 5 M are retained within the core of the globular cluster, while ∼126 NSs per 2 × 10 5 M are retained within the outer halo of the cluster. This implies that for M54, we expect ∼2400 NSs retained within the cluster, with ∼48% within the core.
M54 appears to have a relatively flat core with a core radius ∼6 , although there are indications that the density could rise towards the inner 1 due to the possible presence of a central black hole [80, 81] . We do not account for the possibility of a central density cusp and instead assume a constant-density NS core with core radius a ∼ 0.7 pc. We populate the inner core with 1152 NS targets. Outside of the inner core, for radii r > a, we model the halo NSs by a Plummer sphere model; the halo is populated with 1248 NS targets. In practice, the NSs within the core are more important since they reside in a region of higher DM density.
Dark matter in Sagittarius
The DM density profile in Sagittarius is highly uncertain, in part because the density profiles in dwarf galaxies are uncertain in general but also because Sagittarius in particular is disrupted from its recent merger with the Milky Way. We consider both cored and cusped DM profiles within the Sagittarius dwarf, whose center is assumed to coincide with the center of M54. For the cusped DM profile, we take the NFW profile in (30) with scale radius R s ≈ 0.2 kpc and density parameter R . For the cored DM profile, we take the isothermal sphere model
where G is Newton's constant and v a ≈ 13.4 km/s is related to the central velocity dispersion [85] . Here, R c is the core radius. Ref. [85] assumed a small core radius R c ≈ 1.5 pc on the order of the radius of M54 itself. However, some simulations suggest that DM cores form in dwarf galaxies at the scale of the half-light radius of the stellar component [86] because of feedback from, e.g., supernovae. Assuming Sagittarius has similar properties to the Draco dwarf galaxy, we take R c ≈ 230 pc [87] . It is important to emphasize that the core DM density varies by over 4 orders of magnitude when switching between the two core radii discussed above; we assume the more conservative choice to better understand the possible systematics from the DM profile. The DM density at the location of the M54 is uncertain, and this, in turn, is a significant source of uncertainty in the calculation of the resulting radio flux from axion-photon conversion. To bracket the range of possibilities, we will consider both the cusped NFW DM profile and the cored profile with R c ≈ 230 pc. However, it is important to point out that because Sagittarius is disrupted, it is possible that the DM density at the location of M54 is even lower than the cored value we assume.
Radio signal from axion-photon conversion in M54
M54 is centered at the sky location 0 ≈ 5.6072
• and b 0 ≈ −14.0872
• [80] . We use the definition of the relative flux density, defined in (32) , to construct the relative flux F rel contained within an angle θ inc of the Globular Cluster center, shown in Fig. 9 . We illustrate both the NFW and cored DM profiles.
The frequency spectra of the radio signals from M54 are qualitatively different from those expected in observations of the Galactic Center because of the fact that there are fewer NSs in M54 and they inhabit a region with a smaller DM and NS velocity dispersion. The projected velocity dispersion profile of M54 rises towards the NFW DM Cored DM Figure 9 . As in Fig. 7 except for an observation centered on the Globular Cluster M54 in the Sagittarius dwarf galaxy. The cored DM profile has a large core radius Rc ≈ 230 pc, leading to a significantly smaller DM density at the location of the Globular Cluster and thus a much smaller radio signal. center of the galaxy from values ∼5 km/s at distances of order ∼35 to values ∼10 km/s at distances ∼3.5 from the center [80] . The velocity dispersion profile appears to continue to rise towards the center of the cluster, potentially indicating a density cusp from a central intermediate-mass black hole [80] , though we do not consider this possibility here. We will take the simplifying assumption that both the DM and NS populations have homogeneous and isotropic Maxwell-Boltzmann velocity distributions with v 0 = 11 km/s (corresponding to a projected velocity dispersion ∼8 km/s). While it is possible that the NS population has a slightly higher velocity dispersion due to the natal velocity kicks, given that the NSs we consider are still bound to the globular cluster, the velocities cannot be that much greater.
In Fig. 10 we show an example of a simulation of the radio signal from M54 for an NFW DM profile, for NS models 1 and 2 and assuming the same axion properties and observational setup as in Fig. 8 . In particular, notice that at this frequency (m a = 10 −5 eV, f ≈ 2.4 GHz), there are only two NSs, for this particular realization, within the field of view for NS model 2 that are participating in axion-photon conversion. While the flux from these two NSs is comparable to the flux from the individual NSs in NS model 1, there are significantly more participating NSs in model 1 than in model 2. In both models, the spread of the signal in frequency space is significantly narrower than in the Galactic Center observations.
VI. ANDROMEDA GALAXY
The Galactic Center of the Milky Way has the advantage, from the point of view of the putative radio signal from axion-photon conversion, of being the closest galactic center. However, as we will see in the subsequent section, while this means that the DM-induced flux from the Milky Way center is high, it does not necessarily ensure that the Galactic Center has the highest signal-to-noise radio at fixed g aγγ . This is because the sky temperature at the center of the Milky Way is significantly higher than the average sky position due to normal radio emission from the central regions of the Galaxy. This leads us to consider the possibility that other galaxies, beyond the Milky Way and its dwarfs, could be promising targets, especially at low frequencies where the Galactic Center signal is limited by astrophysical emission arising from the same location.
A. Neutron stars and dark matter in M31
A natural starting point is consider the Andromeda Galaxy (M31), which is the largest galaxy in the Local Group and relatively nearby at d ≈ 780 kpc from Earth. For the purpose of this explorative analysis, we take a simplistic model for M31 that mostly involves rescaling the Milky Way parameters to match those expected in M31. The stellar masses of the stellar disk and stellar bulge in M31 are expected to be ∼5.6 × 10 10 M and ∼3.1 × 10 10 M , respectively [88] . If we assume that the stellar mass to NS ratio is the same when comparing M31 to the Milky Way, this would lead us to expect N disk ≈ 4 × 10 8 (N bulge ≈ 2 × 10 9 ) in the disk (bulge). Note that here we have used the disk and bulge mass estimates for the Milky Way from [89] .
The M31 disk and bulge are modeled using the same functional forms as used for the Milky Way. The bulge core radius is taken to be a ≈ 0.6 kpc, following [90] . Note that this is the same core radius that we assumed for the Milky Way bulge in (25) . We assume that the disk NSs follow the thick disk of M31, which has been measured to have a vertical scale height ∼2.8 kpc and a radial scale length ∼8.0 kpc [91] . We thus model the disk NSs using (23) with |z| = 2.8 kpc and σ r = 5.7 kpc.
The nucleus of M31 is both more complicated than that of the Milky Way and also less well studied, given that it is further away. Unlike the stellar nucleus of the Milky Way, which appears to be mostly spherical and dynamically centered on the central black hole, the nucleus of M31 appears to consist of multiple primary components. The two main clusters consist of P1, which is offset from the nucleus by ∼1.8 pc, and P2, which is at the dynamical center of the Galaxy; additionally, there appears to be a disk of young stars embedded within P2 and centered around the central black hole called P3 [92] . From observations of P3 with the Hubble Space Telescope, the mass of the central black hole is estimated at
The currently-accepted model for the P1-P2 system is that both nuclei are part of the same eccentric disk, with P2 centered around the black hole, with a rising stellar density towards the black hole, and P1 centered around the apocenter. The increased brightness at P1 results from an accumulation of stars at the apocenter [93] . The P1-P2 system may be modeled as an eccentric disk with a radius ∼8 pc and a mass M NSC ≈ 2×10 7 M [92, 93] . Estimating the mass of the Milky Way NSC to be ∼7 × 10
7
M from [68] and rescaling the number of NSs within the MW NSC we estimate N NSC ≈ 2.3 × 10 5 NSs within the M31 nuclear disk. For the purpose of our simplified analysis, we model the spatial distribution of NSs in the P1-P2 system by a thin exponential disk with a scale radius of 8 pc. The line-of-sight velocity dispersion around the central black hole, measured in e.g. [92, 93] , is roughly consistent with rescaling the circular velocity by a constant, radius-independent factor ∼1/2. That is, the line-of-sight velocity dispersion σ ω , which determines the width of the signal in frequency space, is taken to be
We consider two models for the DM distribution within M31, the NFW DM model (30) and the Burkert DM model (31) , and for each model we also consider the possibility of a kinematic DM spike near the central black hole. For the NFW model, we take the scale radius to be R s ≈ 16.5 kpc, while for the Burkert model the core radius is assumed to be similar to that of the MW: R c ≈ 9.1 kpc [88] . To calculate the effect of a possible kinematic DM spike, which we define as the possibility that the DM density profile rises as ρ DM ∼ r −1.5 for r < r infl. , we need to know the radius of influence r infl. of the M31 black hole. Using the estimate M • ≈ 1.4 × 10 8 M , we obtain r infl. ≈ 25 pc [92] , which is significantly larger than the radius of influence of the Milky Way's black hole. However, we note that it is non-trivial to determine whether the possible DM spike would survive the presence of the asymmetric eccentric nuclear disk; such studies are beyond the scope of the current work. NFW, no spike NFW, with spike Burkert, no spike Burkert, with spike Figure 11 . As in Fig. 7 , except for an observation centered on M31.
In Fig. 11 we show the simulated radio flux distribution for M31. In particular, we illustrate the relative flux F rel included within an angle θ inc. from the center of M31, as in Fig. 7 , for various assumptions for the DM density. Compared with the Milky Way observations, we see that the included flux approaches a constant at smaller θ inc. since M31 is further away. This also means that there are more NSs per beam relative to the Milky Way observations. For example, for an observation with r beam = 10 centered on the center of M31, there are ∼2 × 10 9 NSs within the field of view. The frequency distribution of the signal is also similar to that expected for the Milky Way, with δf /f ∼ 10 −3 for the ensemble of NSs and δf /f ∼ 10 −6 for the individual NSs.
VII. RADIO OBSERVATIONS
In this section, we calculate the projected sensitivity from radio observations of astrophysical populations of NSs. First, we discuss how to combine the formalisms developed in the previous sections for predicting the axioninduced signal with the properties of radio telescopes to project sensitivities to axion DM. Then, we use this formalism to project sensitivities to axion DM from observations of the Galactic Center, M54, and M31 with GBT, VLA, and SKA.
ily at frequencies f < ∼ 2 GHz, we will assume a constant
The beam width of a radio telescope is proportional to the wavelength of radiation under consideration, with the FWHM θ b obeying the ratio θ b ≈ 1.25λ/D, where D is the telescope diameter. In general, we may approximate
Simplified likelihood for radio arrays
The sensitivity calculation is more complicated when surveying an extended region, such as the Galactic Center region, with a radio array. This is because there are multiple synthesized beams within the primary beam area, and one must construct a joint likelihood over these different regions. In this subsection we outline a simplified approach to constructing such a joint likelihood. We will focus in this section on the combined signal from all the NSs within the field of view instead of analyses that try to resolve the individual NSs in frequency space. That is, within each synthesized beam we will use a broad bandwidth determined by the velocity dispersion of the NSs within that beam. With that said, accounting for the narrower bandwidth of the individual, resolved NSs within the synthesized beams could increase the sensitivity to the axion DM signal dramatically, and constructing such a likelihood and search strategy would be an interesting direction for future work.
First we note that the individual beam elements, consisting of dishes of diameter D, have approximate gains
and approximate beam diameters as given in (40) . In our simplified treatment, the primary beam radius is simply r prim ≈ θ b /2. On the other hand, the synthesized beam diameter θ synth = 2r synth is determined by the maximum baseline B max of the array:
We treat the signal as a collection of synthesized beams with beam radius r synth within the primary beam radius r prim . The number of synthesized beams is N synth ≈ r 2 prim /r 2 synth . The combined chi-square distribution is then simply
) is the observed flux density (flux density variance) in each of the synthesized beams, labeled by i, S b,i is the predicted background flux density within the synthesized beam area, and S sig,i is the predicted signal flux density, which depends on the coupling g aγγ . Note that the chi-square distribution is a function of the signal coupling g aγγ ; the best-fit g aγγ is that which minimizes the chi-square distribution, and the significance of the detection of axion DM may be computed from the difference of the chi-square distribution between the best-fit signal coupling and the null value g aγγ = 0. This quantity is defined as δχ 2 . We may estimate σ S b,i by
where SEFD i is the SEFD for that particular synthesized beam, depending on the sky location and the frequency, and B i is the bandwidth of the signal. Note that we are using the convention where SEFD i = T i /G array , where T i is the temperature and G array = G × N (N − 1) is the array gain, which is related to the gain G from the individual antennas and the number N of array elements. We may estimate the sensitivity to a putative axion signal by assuming that the data is given by the background plus the signal: S i = S b,i + S sig,i [94] . Thus,
where F i is the predicted signal flux within each synthesized beam. The significance of the detection is given by δχ 2 ; note that in the single-beam case, the significance is simply the SNR as given in (37) .
Typically single dishes are better suited for searching for the axion-induced signal from the ensemble of NSs than interferometer arrays. This is because if the signal is extended beyond the synthesized beam area, then one loses is sensitivity by having to construct the joint likelihood in (45) over the different regions. To illustrate this point, suppose that the fluxes F i , bandwidths B i , and the temperatures T i entering into (45) are constant over the primary beam area. Then we can write F i = F prim /N synth , where F prim is the total flux over the primary beam area. This implies that
prim , where G is again the gain for the individual array elements and where we have assumed N 1. Thus, the larger N synth , or equivalently the larger the baseline, the smaller δχ 2 .
Searches for brightest individual neutron star
The discussion in the previous subsection relates to searches for the combined emission from all NSs. However, it is also possible to search for the individual NSs themselves by focusing on narrower frequency bandwidths. Consider Fig. 8 , which shows an example frequency spectrum from a signal at the Galactic Center.
While most of the power in that case is distributed across a bandwidth of order δf /f ∼ 10 −3 , the brightest individual NSs are clearly visible, with relative bandwidths δf /f ∼ 10 −6 . The signal-to-noise ratio SNR for the flux density scales like F/ √ B, where F is the signal flux and B is the bandwidth. That is, even if the flux is one and a half orders of magnitude smaller for an individual NS compared to the sum over all NSs, the individual NS can have the same SNR as the broader signal, for the case of the Galactic Center.
One additional advantage of searches for the brightest, individual NSs compared to searches for the broader signal from the combination of NSs is that the former is better suited for searches with radio interferometer arrays, since the target of interest is a point source and one does not lose in sensitivity for increasing baseline.
Benchmark telescope configurations
To estimate the sensitivity of radio observations to axion DM, we will assume a few simplified telescope configurations based on the GBT, a single 25-m dish, VLA (in configuration D), and the future SKA2. The assumed properties of these configurations are summarized in Tab. II. Note that for SKA2, we have calculated the number of array elements by requiring the total telescope area to be equal to a square kilometer, since precise designs do not yet exist for SKA2. Similarly, the synthesized beam area is not known. However, we will only project sensitivities with SKA2 for searches for the brightest individual NSs, for which the synthesized beam area is not important. This is because the brightest NSs are point sources. The 25-m dish is also a hypothetical telescope, though it could be one of the single VLA dishes. The point of including this smaller telescope in the list is to illustrate how the sensitivity changes with dish size for a single dish.
Background astrophysical temperature
We estimate the background astrophysical sky temperature from the Haslam map [95] [96] [97] , which is illustrated in Fig. 12 . Note that in that map we also show the sky locations of the three targets of interest discussed in this work. The Haslam map is a 408 MHz all sky radio map that combines data taken by multiple radio surveys. We use the reprocessed version [97] that is source-subtracted and destriped. The map is smoothed to an angular resolution ∼51 .
The radio emission is dominated by Galactic synchrotron radiation. To infer the sky temperature beyond 408 MHz, we assume that the spectrum is a power-law T astro (f ) = T 408 (408 MHz/f ) β . The index β has been measured to be β ≈ 2.76 in the frequency range 0.4 -7.5 GHz, averaged across the full sky [98] . We note that this index is similar to that found by the ARCADE collaboration [99] , which analyzed the extragalactic radio background between 22 MHz and 10 GHz and found an index β ≈ 2.62. We will assume β = 2.76 when extrapolating beyond 408 MHz, though we note that small variations to this index have little effect on our sensitivity projections.
We also note that while the angular resolution of the Haslam map is sufficient for sensitivity projections in most regions of the sky, which lack bright point sources, it is likely insufficient to describe the region around the Galactic Center. For example, [100] found that the radio flux from the Galactic Center falls off at angular scales ∼20' from the center, which is a significantly smaller scale than the ∼51' resolution of the Haslam map. Thus we caution that while we use the Haslam map for background temperature estimates in the Galactic Center region, these should be revisited with higher-resolution studies before interpreting the results of radio searches in this region.
On a related note, we also do not consider possible sources of attenuation of the radio signals in this work. Possible sources of attenuation could come from freefree absorption and scattering in the dense interstellar medium of the Galactic Center, though using results from previous studies (e.g., [101] ) that looked into these effects for pulsar surveys in the Inner Galaxy, we estimate that attenuation should not be important over the frequency ranges of interest and the targets of interest.
B. Projected sensitivities
In this subsection, we use the formalism described in the previous subsection to project the sensitivity to axion DM from radio observations with GBT, VLA, and the future SKA. Table II . List of benchmark telescope configurations used in this work. We consider two single dishes (GBT and a 25-m dish) and two arrays (VLA and SKA2). Note that for SKA2 we do not specify the baseline because precise plans do not yet exist and because it is not important, at leading order, for the point source analysis we consider with SKA2. Note that G refers to the gain from the individual array elements, N is the number of elements in the arrays, and the primary and synthesized beam radii are normalized at f = 1 GHz. We begin by considering the Galactic Center region. We assume 24 hr of observation time and require a SNR of 5.0, corresponding to δχ 2 = 25 or 5σ detection. Using the sky-temperature for the Galactic Center and the parameters described above, we find the projected sensitivities to g aγγ shown in Fig. 13 , as functions of the axion mass m a . The top left and right panels, which we discuss first, are for searches for the broad-spectrum (δf /f ∼ 10 −3 ) emission from the collection of NSs within the field of view. The top left panel assumes an NFW DM profile while the top right takes the Burkert DM profile. In both panels, we show the sensitivities calculated for NS models 1 and 2 and for three different telescope configurations, as described in Tab. II: GBT, VLA, and a 25-m dish. Additionally, for GBT we show how the sensitivity changes, for NS model 1, if there is a DM spike at the center of the Galaxy. The ranges between the NS models 1 and 2 curves can be thought of as an estimate for the current systematic uncertainty on the sensitivities arising from the NS model assumptions. The differences between the two panels, on the other hand, is an estimate for the systematic coming from the DM density distribution model assumptions. Except at the highest frequencies, the dominant uncertainty is the NS population model in this case.
In Fig. 13 we compare the projected sensitivities to the limit set by CAST [102] [103] [104] , the current (dark red) and possible future (light red) limits by ADMX [32, 33] , as well as the parameter space (roughly indicated in orange) where the QCD axion is expected to live. In the case of NFW DM and NS model 1, searches around a few GHz with GBT could approach sensitivity to QCD axion DM with this search strategy. However, we stress that any sensitivity curve passing below the CAST limit and outside of the ADMX limit would probe uncharted parameter space for ALP DM.
One takeaway point from Fig. 13 is that a telescope array such as VLA is not the ideal instrument for searching for the extended signal. This should not be too surprising, given the discussion in Sec. VII A 2 for why telescope arrays lose in sensitivity compared to single dishes of the same total area when the source size is larger than the synthesized beam. This is especially clear when comparing the VLA array sensitivity to the hypothetical 25-m dish sensitivity, since VLA itself is an array of 25-m dishes. In the case of a Burkert DM profile, where the inner regions of the galaxy are not necessarily brighter than the outer regions of the stellar bulge in terms of the DM-induced signal, a single 25-m dish can actually outperform an array of such dishes. This is because, recalling the discussion in Sec. VII A 2, the significance in favor of detection increases with the number of array elements but decreases with the number of synthesized beams, which is a function of the array baseline. In fact, in this case the 25-m single dish can even outperform a 100-m single dish, when pointed at the Galactic Center. This is due to the fact that the regions further away from the Galactic Center have a higher signal-to-noise ratio, due to the decreased background temperature, compared to the Galactic Center itself. In this case, it would be better to point the 100-m telescope slightly off the Galactic Center, though we do not consider this possibility in detail since it is a small perturbation to the sensitivities shown in Fig. 13 .
Lastly, we note that the data from the VLA array need not be combined in the interferometer mode, but rather could be combined in the naive fashion (i.e., in series) to effectively increase the integration time by the number of array elements, with the gain at the single-element level. This would be the best use of VLA in this case; the sensitivity to g aγγ may simply be estimated by dividing the 25-m dish sensitivity by 27 1/4 . In the bottom two panels in Fig. 13 we compare the sensitivity estimated using GBT and searching for the ensemble signal over all NSs (solid black) to the estimated sensitivities for the searches for the brightest individual NSs. As a reminder of this strategy, we refer back to Fig. 8 . In that figure, the emission over all NSs spans a relative frequency bandwidth δf /f ∼ 10 −3 , while the individual NSs have δf /f ∼ 10 −6 . The search for the single brightest NS can have increased sensitivity compared to the search for the combined emission if a significant portion of the combined emission actually comes from a single NS, since one gains in sensitivity by having a narrower bandwidth δf . Generally, as we go to higher frequencies the number of NSs contributing to the axioninduced signal shrinks, since the beam area shrinks and the fraction of NSs with appropriate m max a decreases as GBT (All NSs) Figure 13 . Projected sensitivities to axion DM from 24 hrs of observation time towards the Galactic Center with the telescopes indicated and requiring 5σ detection. We consider variations to the DM profile, with NFW DM (top left) and Burkert DM (top right), as well as a possible DM spike at the Galactic Center. The top two panels are for the analysis that looks for the broad (δf /f ∼ 10 −3 ) emission from the ensemble of NSs, while the bottom two panels compare the sensitivity of this technique to that which looks only for the brightest individual NS, with δf /f ∼ 10 −6 . In addition to variations in the DM density profile, we also show the uncertainty arising in these projections from the NS population models by switching between models 1 and 2. All sensitivity curves exhibit two noticeable features: a slight increase in sensitivity below ∼10 −6 eV and a sharp decrease in sensitivity at high ma. The former feature is due, in part, to the transition to masses small enough that axions may resonantly convert in the ion-dominated part of the plasma. The latter feature is due to the fact that at high masses the conditions for resonant conversion are not obtained, and the axion-photon transition occurs non-resonantly. Note that in addition to the projected sensitivities, we also display the motivated region for the QCD axion, current constraints from the CAST experiment, and current and projected constraints from the ADMX experiment.
well. This behavior is seen in the bottom right panel of Fig. 13 , for example, which takes the NFW DM profile and the NS model 2. The solid blue curve is the estimated sensitivity with GBT, which can be directly compared to the solid black curve. Note that the dotted curves estimate the sensitivity including the possible DM spike, which can play a more important role here since it may enhance the flux of the brightest NS. The red curves show the estimated sensitivity using the future SKA2, as described in Tab. II. For NS model 1, as illustrated in the bottom left panel of Fig. 13 , the brightest NS search is seen to be highly variable over the entire frequency range, and even at low frequencies there are regions where the single-NS GBT search is more sensitive than the GBT search for the ensemble signal. This variability is due to the fact that for NS model 1, even at low frequencies the signal is dominated by a few NSs with high m max a ; these are NSs with very high magnetic fields. In the case of SKA2 and NS model 1, this means that sensitivity to the QCD axion could be reached from frequencies as low as m a ∼ 10 −6 eV all the way to m a ∼ 5 × 10 −5 eV. However, it is important to note that the sensitivities in Fig. 13 for the single NS searches appear jagged because these are from individual simulations of the NSs at the Galactic Center. That is, performing a different simulation, with the same initial conditions, would give rise to a slightly different looking sensitivity curve. The ensemble NS curves are smoother, in part, because these have been averaged over many different simulations.
M54
In this subsection we consider the projected sensitivity from observations of M54. The projected sensitivities for 24 hr of observation with GBT-like and SKA2-like telescopes, with analogous requirements to those taken for the Galactic Center examples, are shown in Fig. 14 .
In the left panel we use NS model 1, while in the right panel we instead take NS model 2, which has less high m max a and high-B NSs. In both panels, we consider the NFW and cored DM profiles in solid and dashed, respectively. Also, we estimate the sensitivity for the search for all NSs, with δf /f ∼ 10 −4 , and the search for the brightest individual NS, with δf /f ∼ 10 −8 . In this case, unlike for the Galactic Center observation, the brightest NS search outperforms the search for the ensemble signal over almost the entire frequency range. This is because the relative width of the individual NSs is much narrower, in the case of M54, and because there are simply less NSs to begin with in the beam area. The M54 observations appear very promising; in the case of an NFW DM profile, GBT and SKA observations could have sensitivity to significant regions of the QCD axion parameter space. Even in the case of a cored DM profile, if NS model 1 is correct then the SKA observations would still reach the QCD axion region at high frequencies. M54 appears to be one of the most promising targets for future radio-line observations of axion DM.
M31
Radio observations of the nearby galaxy M31, which is similar in size to the Milky Way, will contain more NSs within the field of view relative to Milky Way Galactic Center observations because of the increased distance to the source. Fig. 15 shows the projected sensitivities of observations of M31, assuming the same observational setups as used in the previous subsections. For illustration, we use NS model 1 for all the projected sensitivities and we also only consider the search for the ensemble of NSs, with δf /f ∼ 10 −3 . The search for the brightest individual NS is not competitive in this case, since each individual NS is quite dim but there are many more NSs within the field of view compared to even e.g. the Milky Way Galactic Center case. For the NFW DM profile, we show both the GBT and VLA projected sensitivities. While again GBT outperforms VLA, the difference is smaller compared to the Galactic Center observations since M31 is a smaller target on the sky. Changing between DM profiles, we see that the difference between the Burkert and NFW DM profiles is also less pronounced than in the Galactic Center case. This is again related to the fact that there are more NSs within the field of view, so the signal is dominated by NSs further away from the Galactic Center of M31, where the differences in DM density between the two models is less severe. Similarly, including the central DM spike of M31 makes virtually no difference to the sensitivity, despite the large central black hole of M31, because the contributions of the inner NSs are subdominant compared to the contributions of the ensemble of NSs further away from the center of the galaxy.
Observations of M31 appear less promising than Galactic Center and M54 observations. On the other hand, the M31 observations appear to be remarkably robust, owing to the fact that there are more NSs within the field of view.
VIII. DISCUSSION
In this work, we have outlined a framework for estimating the sensitivity of radio observations of astrophysical systems containing NSs to axion DM. This work expands upon the recent work in [1] , which outlined how to calculate the radio flux from axion-photon conversion in an individual NS, in four main directions: (i) we consider the expected spatial distributions of NSs in galactic systems, in conjunction with the spatial distribution of DM, (ii) we model the distribution of NS properties using NS models that have been tuned to observable pulsar data, (iii) we model the inactive NS magnetosphere using stateof-the-art numerical simulations of the electrosphere solution, and (iv) we precisely model the sensitivity, including backgrounds, for specific telescopes such as GBT and for specific astrophysical targets, such as the Galactic Center, M54, and M31.
We find that observations with modest observing times ∼24 hrs of the targets listed above would probe uncharted regions of ALP DM parameter space over a large range of possible ALP masses. Observations of the Galactic Center and M54 have the potential to reach sensitivity to the QCD axion scenario, even with GBT. However, this conclusion is subject to systematic uncertainties from the DM profiles within these systems and the distributions of NS properties. The former systematic, related to the distribution of DM within galaxies and dwarf galaxies, is one that affects all indirect DM searches. Improving upon this systematic will likely require better hydrodynamic simulations of galaxies and their DM halos, in addition to better measurements of kinematic tracers of the VLA (NFW) Figure 15 . As in Fig. 13 , except for observations of the nearby galaxy M31. Here, we only consider the search for the ensemble of NSs, since there are many more NSs within the field of view for the case of M31 relative to the Galactic Center. The frequency spread of this signal is expected to be δf /f ∼ 10 −3 . We illustrate the sensitivity for NS model 1 and for the Burkert and NFW DM profiles.
gravitational potentials within these systems. The latter systematic, concerning the distribution of NS properties, is unique to this search strategy. Depending on the evolution of magnetic fields of NSs on timescales of order the age of the Galaxy, the large population of dead NSs could dominate the axion-induced flux. On the other hand, if those fields decay on these long timescales, then the younger active pulsars still provide a significant source of axion-induced radio flux that can be used to constrain axion DM.
Understanding the evolution of magnetic fields of dead NSs at late times is crucial for making more accurate predictions for the sensitivity of radio searches to axion DM. Additionally, more work is needed to properly model the magnetar population and the magnetospheres of these systems, since such high-field NSs are an important contribution to the flux from the active population. We hope that this potential avenue towards axion DM detection can serve as motivation for dedicated efforts to further understand the properties of these systems.
On the observational side, we outlined the advantages and disadvantages of using telescope arrays, such as VLA or the future SKA, versus large single dishes, like GBT, in searching for the axion-induced signal. For the Galactic Center, for example, the emission from the ensemble of NSs is extended on angular scales typically much larger than the synthesized beam areas of telescope arrays, making single dishes more favorable instruments. On the other hand, we showed that searches for the brightest individual NSs can give comparable or increased sensitivity, relative to searches for the broader-spectrum emission from the ensemble of NSs. Searches for the narrow-band bright single NSs may be performed equally well with either telescope arrays or single dishes; in this case arrays having the advantage of larger primary beam areas over which to search. However, there is likely an analysis framework between these two extremes that gives superior sensitivity. For example, instead of looking for the brightest NS one could look for the brightest two NSs, or the brightest N NSs. However, accounting for the trials factor in such a search is non-trivial, given that the signals from the NSs are doppler shifted. We leave the construction of such an analysis technique to future work.
Lastly, we emphasize the complementarity with direct detection efforts. If a signal candidate is seen in an indirect search along the lines of that outlined here, it would likely be straightforward to verify that this candidate is in fact due to axion DM by performing a laboratory search. This is because resonant cavity searches such as ADMX are difficult in part because they do not know the frequency of the particle they are looking for, and they must scan over millions of different possible frequencies, each time adjusting the cavity resonant frequency, to cover a single decade of mass. If the mass of the axion is known ahead of time, for example by an indirect detection signal candidate, checking this frequency with direct detection would be straightforward because the cavity experiments would not have to scan over a large range of frequencies.
